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SUBGROUP DECOMPOSITION OF THE GINI COEFFICIENT: A NEW
SOLUTION TO AN OLD PROBLEM
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We derive a novel decomposition of the Gini coefficient into within- and between-
group inequality terms that sum to the aggregate Gini coefficient. This decomposition is
derived from a set of axioms that ensure desirable behavior for the within- and between-
group inequality terms. The decomposition of the Gini coefficient is unique given our
axioms, easy to compute, and can be interpreted geometrically.
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1. INTRODUCTION

EMPIRICAL ANALYSES OF INEQUALITY OFTEN aim to quantify the contributions of within-
group inequality and between-group differences to aggregate inequality. This classic ob-
jective is known as inequality decomposition by population subgroups. Examples include
analyses of inequality within and between countries (Sala-i-Martin (2006)), demographic
subgroups (Cowell and Jenkins (1995)), or firms (SPGB + (2019)).

The Gini coefficient is the most popular measure of inequality, yet it lacks a universally
accepted decomposition formula.! Existing approaches to decomposing the Gini coeffi-
cient are criticized for producing within-group or between-group inequality terms that
behave counter-intuitively. Further, these approaches often rely on introducing a third
term that describes neither within-group nor between-group inequality. This lack of a sat-
isfactory subgroup decomposition formula is arguably the most significant drawback of
the Gini coefficient, which is otherwise valued for its intuitive arithmetic definition and
geometric relation to the Lorenz curve.

In this paper, we derive a novel decomposition formula for the Gini coefficient from a
set of axioms that ensure desirable behavior for the within-group and between-group in-
equality terms. We show that these axioms uniquely determine the decomposition formula
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for the Gini coefficient. The decomposition is easy to compute, and has both a geomet-
ric and an arithmetic interpretation. We demonstrate the decomposition by analyzing the
evolution of household income inequality within and between demographic subgroups in
the United States over the past six decades.”

Our paper contributes to the literature on decomposable inequality indices by propos-
ing a standard for satisfactory decomposition that relies neither on the aggregativity re-
quirement put forward by Bourguignon (1979) and Shorrocks (1980, 1984), nor on the
path independence requirement introduced by Foster and Shneyerov (2000). While ag-
gregativity characterizes generalized entropy indices (but is violated by Foster—Shneyerov
indices) and path independence characterizes Foster—Shneyerov indices (but is violated
by generalized entropy indices), neither standard allows decomposition of the Gini coeffi-
cient. Our definition of decomposability accommodates both the generalized entropy and
the Foster—Shneyerov indices, and also enables decomposition of the Gini coefficient.

2. NOTATION AND DEFINITIONS

We use R, to denote the interval [0, c0) and R, to denote the interval (0, 0c0). An
inequality index I: D — R, is a function that maps a space of distributions D to the
non-negative real numbers and satisfies the five standard axioms of anonymity, scale in-
dependence, population independence, normalization, and the Pigou-Dalton principle of
transfers.’

Throughout the paper, we represent income distributions by their generalized Lorenz
curves.* A generalized Lorenz curve is an increasing convex function L: [0, 1] — R, with
L(0) = 0.° The value of the generalized Lorenz curve at point p € [0, 1] is equal to p
times the mean income of individuals below the pth quantile, and L(1) is equal to the
overall mean income. Hence, the generalized Lorenz curve is obtained by multiplying the
standard Lorenz curve by the mean income and thus preserves the information on the
mean of the distribution. In addition, generalized Lorenz curves provide a more general
representation of distributions than cumulative distribution functions.® In particular, dis-
tributions with perfect inequality can be represented by a generalized Lorenz curve that
is zero everywhere except at 1, while a cumulative distribution function does not exist in
this case.

The Gini coefficient is defined for any generalized Lorenz curve L as’

b L(p)
G(L):Z/O p—mdp.

2We provide a Stata command, ginidecomp, that implements the decomposition.

3Inclusion of the scale independence axiom means that we focus on indices of relative inequality rather
than absolute inequality. Indices of relative inequality have the virtue of being independent of the unit of
measurement.

“We frame our discussion in terms of income distributions, but income can be substituted with any non-
negative real valued attribute.

>Note that by restricting generalized Lorenz curve to be increasing, we are ruling out negative incomes.

For a distribution that has a cumulative distribution function, F, the generalized Lorenz curve can be
expressed as L(p) = [, F~'(¢) dt, where F~' is the generalized inverse of F (Gastwirth (1971)).

"If all incomes are zero, then the generalized Lorenz curve is a constant function at zero and the formula
defining the Gini coefficient cannot be evaluated. We define the Gini coefficient to be zero in this case.
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3. AXIOMATIC FRAMEWORK

We consider a population that is partitioned into K subgroups. Subgroup k’s level of
inequality, population size, and total income are denoted by I, n;, and Y}, respectively.
An additive subgroup decomposition of an inequality index [ is the sum of a within-group
inequality term W and a between-group inequality term B:

I=W+B.
We introduce axioms that satisfactory within-group and between-group inequality terms

must satisfy. We call an inequality measure decomposable if it admits an additive decom-
position that satisfies these axioms.®

3.1. Within-Group Inequality
Within-group inequality summarizes how inequality within subgroups contributes to
aggregate inequality. We require that within-group inequality depends only on subgroup
inequality levels and aggregate characteristics, that is, each subgroup’s total population
and total income. Let Wx: R** — R, denote within-group inequality for a population
consisting of K subgroups. We posit the following axioms:
AXIOM 1—Regularity: Wy is continuous, and strictly increasing in I if ny, Y, > 0.
AXIOM 2—Symmetry: For any permutation P and for all (I, ni, Yi)5_, € R3X,
WK((Ila ni, Y1), ..., Uk, ng, YK)) = WK(P((Ih ni, Y1), ..., Uk, ng, YK)))-
AXIOM 3—Scale and population independence:
WK((Ila ni, Y1), ..., Uk, ng, YK)) = WK((11, any, bYy), ..., (Ik, ang, bYK))
forall a,b > 0 and for all (I, ni, Yi)r_, € R,

AXIOM 4—Normalization: Wi ((0,ny, Y1), ..., (0, nk, Yx)) = 0 for all (ny, Yi)E_, €

2K
R2K,

AXIOM 5—Weak reflexivity: Wi ((I, ain, a\Y),...,(I,axn,axY)) =1 for all (I,n,
Y) e R3, and forall (a;);_, € RX,.

AXIOM 6—Replacement: For all (I, ni, Yi)_, € R3* and m <K,

WK((Il, ni, Y1), ..., (g, ng, YK))

== WK—m+1<<I~7 ana ZYk)’ (Im+17 Ryt Ym+l)7 ey (IK7 ng, YK)>7
=1 k=1

where I =W,,((I1, 11, Y1) ..., (I M, Yi).

8In Supplemental Appendix A (Heikkuri and Schief (2026)), we discuss how our definition of decompos-
ability relates to other standards suggested in the literature.
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Regularity ensures that within-group inequality increases continuously in subgroup in-
equality levels. Symmetry ensures that within-group inequality is independent of the la-
bels given to each subgroup and is sometimes also called anonymity. Scale and population
independence ensures that the decomposition is independent of the size of the popula-
tion and the unit of measurement for income. Normalization ensures that within-group
inequality is zero when there is no inequality within any subgroup.

Weak reflexivity states that when all subgroups have the same level of inequality and
mean income, within-group inequality is equal to the common inequality level across
the subgroups. Hence, weak reflexivity ensures that within-group inequality equals ag-
gregate inequality when the population consists of only one subgroup. Moreover, it en-
sures that within-group inequality does not change if that subgroup is divided into smaller
subgroups with identical income distributions. Without weak reflexivity, within-group in-
equality would not be comparable across populations with different numbers of sub-
groups.

Finally, the replacement axiom states that the level of within-group inequality remains
unchanged if we replace any number of subgroups by a single subgroup with popula-
tion size and total income equal to the combined population and income of the replaced
subgroups, and with inequality equal to the level of within-group inequality among the re-
placed subgroups. Together with symmetry, replacement ensures a consistent aggregation
property. For example, consider computing within-group inequality among the fifty U.S.
states. Replacement guarantees that this can be done if we are given the level of within-
group inequality in subaggregates, such as the eastern states and the western states, to-
gether with the population sizes and total incomes of these subaggregates. In particular,
information on the inequality levels of individual states is not needed in this case. This is a
natural property because the contribution to aggregate inequality stemming from inequal-
ity within individual states is already summarized in the levels of within-group inequality
in the subaggregates.

Axioms 1 through 6 imply strong restrictions on the functional form that within-group
inequality can have.

THEOREM 1: Let (Wx)%_, be a sequence of functions Wy: R3* — R... Then, (Wx) satis-
fies Axioms 1-6 if and only if

WK((Iu np, Yl)’ cees (IK, Hg, YK)) = fl(z Wi‘“ﬂiéf(lk)), (1)

k=1

for all K > 1 and for all (I, ni, Yi)i_, € RX, where f is some continuous and strictly
increasing function with f(0) =0, a € R is some real number, m, = n;/ Zle ny, and
0 =Y/ 1, Vi

Theorem 1 holds that within-group inequality must take the form of a quasi-arithmetic
mean of subgroup inequalities with weights that do not necessarily sum to 1. Moreover,
each subgroup’s weight must itself be a weighted geometric average of the subgroup’s
population and income share. The proof proceeds by showing that, for given K and ag-
gregate characteristics, the axioms imply that Wy satisfies bisymmetry. Bisymmetry has
been used by Aczél (1948) and Miinnich, Maksa, and Mokken (2000) to characterize
quasi-arithmetic means. The rest of the proof shows that the generating function f and
the form of the weight function do not depend on the number of subgroups or their ag-
gregate characteristics. The complete proof is presented in the Appendix.
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The functional form in Theorem 1 nests the expressions for within-group inequality in
the standard decomposition formulas for the generalized entropy indices and the Foster—
Shneyerov indices—two important classes of decomposable inequality indices (Bour-
guignon (1979), Shorrocks (1980), Cowell (1980), Shorrocks (1984), Foster and Shneyerov
(2000)).° Interestingly, however, several decomposition formulas for the Gini coefficient
suggested in the literature are ruled out by this theorem. For example, the most common
decomposition formula for the Gini coefficient due to Bhattacharya and Mahalanobis
(1967) is ruled out by Theorem 1 since the weight function is not a weighted geometric
average, implying that the within-group inequality term violates weak reflexivity.!® More
recently, Shorrocks (2013) proposed an algorithm for inequality decomposition which
results in a within-group inequality term that generally does not take the form of a quasi-
arithmetic mean.

3.2. Between-Group Inequality

Between-group inequality summarizes how differences in income distributions across
subgroups contribute to aggregate inequality. We define between-group inequality to be
a function of subgroup income distributions, population sizes, and total incomes, that is,
Bx: (D x R, x R,)®¥ — R,. We posit the following axioms:

AXIOM 7—Normalization: If all subgroups have the same income distribution, then By
is equal to zero.

AX1I0M 8—Conditional distribution independence: For given aggregate characteristics
(m1,...,ng, Y1,..., Yx) € R¥ if there exists a function F: RX — R such that

I(L)=F(I,,...,Ix)

forall (I, ..., Ix) € R, then By does not depend on the distribution of income within sub-
groups.

Normalization ensures that between-group inequality is zero when the subgroups’ in-
come distributions are identical so that aggregate inequality must be entirely due to in-
come differences within subgroups.'!

Conditional distribution independence generalizes a property imposed by Bourguignon
(1979) and Shorrocks (1980), which requires that between-group inequality is unaffected
by income transfers within subgroups. These authors impose distribution independence
in the context of aggregative inequality indices, which are indices for which aggregate
inequality is a function of subgroup population sizes, inequality levels, and average in-
comes. It is natural to require distribution independence for aggregative inequality indices

9The within-group inequality term in the standard decomposition formula for the generalized entropy index
of order a is given by Y"f_, 7,651, and the within-group inequality term in the standard decomposition
formula for the Foster—Shneyerov index of order g is given by Zle i d.

0The within-group inequality term in the Gini decomposition of Bhattacharya and Mahalanobis (1967) is
giVGIl by ZkK:] s lek.

Note that Axiom 7 is implied by Axiom 5 (Weak reflexivity) and the requirement that aggregate inequality
is the sum of within- and between-group inequality. In Supplemental Appendix A, we strengthen Axiom 7 to
show that a similar axiomatic framework can be used to derive unique decompositions not only for the Gini
coefficient but also other classes of inequality indices. The strengthened version of Axiom 7 is not implied by
Axiom 5 and is satisfied by the Gini decomposition derived in this paper.
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since the impact of within-group transfers on aggregate inequality is fully summarized by
changes in subgroup inequality levels and should therefore be attributed to within-group
inequality.

However, imposing unconditional distribution independence on nonaggregative in-
equality indices like the Gini coefficient is inappropriate, as within-group transfers only
keep the means constant while aggregate inequality is generally also sensitive to whether
these transfers make the subgroup distributions more or less similar in other moments.
Clearly, changes in aggregate inequality due to subgroup distributions becoming more or
less similar should be captured by between-group inequality, which therefore cannot be
distribution independent.

Instead, conditional distribution independence only imposes distribution independence
whenever, for given aggregate characteristics, the aggregate inequality index is a function
of subgroup inequality indices alone. In these special cases, the inequality index is ag-
gregative and therefore between-group inequality should indeed be independent of the
income distribution within subgroups. As is well known, the Gini coefficient is aggrega-
tive when all but one subgroup have zero income or population share and the aggregate
characteristics are therefore such that the subgroup income distributions cannot overlap.

4. DECOMPOSITION OF THE GINI COEFFICIENT

We next show that there exists a unique decomposition of the Gini coefficient into a
within-group and a between-group term that satisfies all the axioms introduced in Sec-
tion 3.

4.1. Decomposition Formula

THEOREM 2: A decomposition for the Gini coefficient satisfies Axioms 1-8 if and only if
the within-group inequality term is

G" = (Z meka> , ()

where ., 0y, and Gy are the population share, income share, and Gini coefficient of sub-
group k, and the between-group inequality term is

6= 5 (0- L mmya) ©)

k£l

where . is the aggregate mean, ® = E[1,. .,y — y;|] is the cross mean absolute difference,
Ay =Elly; — yil|g: = g; = k] is the mean absolute difference within subgroup k, and y; and
g: denote the income and subgroup affiliation of individual i.

Within-group inequality in the Gini decomposition is a weighted power mean of sub-
group inequalities where each subgroup is weighted by the geometric mean of its income
and population share.'? Between-group inequality is the difference between the cross

2A power mean, also known as generalized mean or Holder mean, with exponent p is a function
1 . . . . . .
My(x1,...,x,)= (13", x7)7 and includes as special cases the arithmetic, geometric, and harmonic means.
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mean absolute difference, defined as the mean absolute difference of individuals drawn
from different subgroups scaled by the share of cross-group pairs, and a weighted sum
of geometric averages of subgroup mean absolute differences, divided by twice the ag-
gregate mean. In practice, however, it is generally easier to compute the between-group
inequality term as a residual, G = G — G".

The proof of Theorem 2 proceeds by first showing that the expressions for G" and G*
sum to the aggregate Gini coefficient and that the decomposition satisfies Axioms 1-8.
We then show uniqueness by leveraging the fact that the Gini coefficient is aggregative
when subgroup income distributions cannot overlap. In these special cases, Axiom 8§ to-
gether with Theorem 1 pin down the generating function f and the weight structure in
equation (1), which uniquely determine the within-group and between-group inequality
terms. The complete proof is presented in the Appendix.

In Supplemental Appendix A, we show that our axiomatic framework can also be used
to uniquely determine the standard decomposition formulas for the generalized entropy
and Foster—Shneyerov indices. In Supplemental Appendix B, we derive asymptotic con-
fidence intervals for the within- and between-group inequality terms of the Gini decom-
position. In Supplemental Appendix C, we show how the decomposition formula can be
extended to the multivariate Gini coefficients introduced in Koshevoy and Mosler (1997).

4.2. Discussion of the Gini Decomposition

The within- and between-group inequality terms in the Gini decomposition of Theo-
rem 2 satisfy several additional properties that we have not directly imposed as axioms.
First, as a weighted power mean, the within-group inequality term is homogeneous."
That is, any redistribution of incomes within subgroups that reduces subgroup Gini coef-
ficients by some given factor will also reduce within-group inequality by the same factor.
Note, however, that the within-group inequality term is not linear in the subgroup Gini
coefficients.

Second, the between-group inequality term summarizes the contribution to aggregate
inequality stemming from differences in the means and the shapes of the subgroup in-
come distributions. Unlike the between-group inequality term for the Theil index (and
other generalized entropy indices) that depends only on differences in subgroup means,
the between-group inequality term for the Gini coefficient depends on differences in all
moments of the subgroup income distributions. This is natural since, unlike other in-
equality indices, the aggregate Gini coefficient itself depends on all the moments of the
subgroup income distributions. Specifically, Proposition 1 shows that changes in the sub-
group income distributions can affect the aggregate Gini coefficient even if all subgroup
Gini coefficients as well as any number of subgroup moments are held fixed.!*

PROPOSITION 1: The aggregate Gini coefficient cannot be written as a function of sub-
group population sizes, Gini coefficients, and any number of subgroup moments. That is,
there does not exist a set of moments ) and a function F, such that

G(L)zF(Gl,...,GK;Ql,...,QK;nl,...,nK), (4)

where Q) is the vector of moments for subgroup k.

BHomogeneity is in fact the only additional property that power means have over quasi-arithmetic means
implied by Theorem 1.

Y“The claim that the between-group inequality term in the Gini decomposition is sensitive to any differences
in subgroup income distributions is a corollary of Proposition 1.
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How between-group inequality depends on differences in the shapes of the subgroup
income distributions is also intuitive. First, as is shown in Proposition 8 of Section 4.3, the
between-group inequality term is zero if and only if the distribution of income is identical
across subgroups.

Second, the between-group inequality term becomes smaller as subgroup income dis-
tributions become more similar. Specifically, Proposition 2 states that between-group in-
equality is reduced when the subgroup affiliations for a random subset of individuals are
permuted so that subgroup income distributions become unambiguously more similar to
each other.’ Moreover, the only case in which this operation does not make subgroup
income distributions more similar is when the distributions are identical to begin with.
Because the aggregate Gini coefficient is sensitive to all moments of the subgroup income
distributions, this is the only case in which between-group inequality is not reduced.

PROPOSITION 2: In an infinite population, randomly permuting the subgroup affiliations
for a subset of randomly selected individuals with positive population share weakly reduces
between-group inequality (While keeping the aggregate Gini coefficient constant). Between-
group inequality remains constant if and only if all subgroups have the same distribution of
income.

Similarly, merging several subgroups into one should decrease between-group inequal-
ity as any differences between the merged subgroups can no longer contribute to over-
all between-group inequality. Proposition 3 states that this operation indeed reduces
between-group inequality unless the income distributions of the merged subgroups are
all identical.

PROPOSITION 3: Merging any m < K subgroups into one subgroup weakly reduces the
between-group inequality term in the Gini decomposition. Between-group inequality is unaf-
fected if and only if the merged subgroups have identical income distributions.

There also exist operations that reduce both within-group inequality and between-
group inequality. For example, redistributing incomes so that the difference between
each individual’s income and the average income is reduced by a given percentage clearly
reduces aggregate inequality.'® Moreover, as such redistribution at the same time com-
presses subgroup income distributions and brings them closer to each other, one may
expect it to decrease within-group and between-group inequality by similar proportions.
Proposition 4 shows that this is indeed the case.

PROPOSITION 4: Let y; denote the income of individual i, and let p denote the average
income in the population. For some « € [0, 1], replacing every income y; by y; = y; — a(y; — )
reduces within-group inequality and between-group inequality in the Gini decomposition by a
fraction a.

It is often of interest to know by how much aggregate inequality would be reduced if all
subgroup means were equalized while keeping the level of within-group inequality fixed.

5Equivalently, one may consider replacing the incomes of a fixed fraction of randomly sampled individuals
in each subgroup with a random draw from the aggregate income distribution. Equivalency between these two
operations is a direct consequence of the anonymity property of inequality indices.

6This can be achieved with a flat tax and a lump-sum transfer, which is the standard setup in the optimal
linear tax literature (see, e.g., Piketty and Saez (2013)), in the absence of behavioral responses to the tax.
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For many inequality indices, this question is not easily answered. For example, as was
pointed out by Shorrocks (1980), there is no obvious operation for the Theil index that
would eliminate differences in average incomes between subgroups and also keep the
within-group inequality term fixed.!” Proposition 5 shows that the decomposition of the
Gini coefficient admits an operation that can be used to eliminate differences between
subgroups in average incomes while keeping within-group inequality fixed. This property
can be used to further decompose between-group inequality into a first part that reflects
differences in means and a second part that reflects differences in the shape of the distri-
bution. We implement such an exercise in Supplemental Appendix F.

PROPOSITION 5: Lump-sum transfers between subgroups do not affect within-group in-
equality in the Gini decomposition.

Finally, we note that scaling or translating all incomes does not affect the share of ag-
gregate inequality that is attributed to within-group or between-group inequality in the
Gini decomposition. While the scale independence of the decomposition follows directly
from the scale independence of the Gini coefficient and therefore applies to the decom-
position of all scale-independent inequality indices, translation independence is a special
feature of the Gini decomposition. Translation independence is convenient if one wants
to decompose the Gini coefficient of attributes that can be negative, such as wealth.

PROPOSITION 6: The Gini decomposition is both scale- and translation-invariant. Specifi-
cally, changing incomes for each individual i from y; to y; = ay; + b does not affect the relative
magnitude of within-group and between-group inequality for any a > 0 and b € R such that
each subgroup’s mean income remains positive.

4.3. Geometric Interpretation

The Gini coefficient is traditionally defined as twice the area between the Lorenz curve
and the line of perfect equality. To derive a geometric interpretation for the Gini decom-
position, it is useful to define the Lorenz region as the region within the unit square that
is bounded by the Lorenz curve and its centrally reflected counterpart (see Figure 1).'
Clearly, the Gini coefficient is equal to the area of the Lorenz region.

For a given partition of the population into subgroups, we can also define subgroup
Lorenz regions by scaling each subgroup’s Lorenz region with a vector (., 6,) where
m, and 6 are subgroup k’s population and income shares, respectively (see Figure 1).
Importantly, Zagier (1983) shows that there is a geometric relationship between the ag-
gregate and the subgroup Lorenz regions. Specifically, Proposition 7 (proven as part of
Theorem 1 in Zagier (1983)) states that the Lorenz region of the aggregate population is
the Minkowski sum of the subgroup Lorenz regions."

7For example, scaling the incomes in each subgroup so that the subgroup means are equalized changes the
subgroup income shares and thereby affects the within-group inequality term in the decomposition of the Theil
index. The only generalized entropy index for which scaling incomes does not affect within-group inequality is
the mean log deviation.

8This region is also known as the Lorenz zonoid; see Koshevoy and Mosler (1997).

YThe Minkowski sum, also known as the vector sum, of two sets 4 and Bisdefinedas A@B={a+b:ac
A, b e B}.
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FIGURE 1.—Aggregation of subgroup Lorenz regions. In this example, there are two different levels of
income in subgroup 1 and three different levels of income in subgroup 2. In the aggregate Lorenz curve,
individuals from both subgroups are ordered by their income. Geometrically, this corresponds to arranging
the linear segments of the scaled subgroup Lorenz curves (denoted by the dashed and dashed-dotted lines) in
ascending order by their slopes. The resulting aggregate Lorenz region coincides with the Minkowski sum of
the subgroup Lorenz regions.

PROPOSITION 7: A population consisting of K > 2 subgroups with subgroup Lorenz re-
gions Ay, A,, ..., Ag has an aggregate Lorenz region

A=A1@A2@"'@AK,
where @ denotes the Minkowski sum of sets.

Figure 1 illustrates the Minkowski addition of two subgroup Lorenz regions in the
case of discrete income distributions. In Supplemental Appendix E, we illustrate the
Minkowski addition in the case of continuous income distributions.

A useful implication of representing the aggregate Gini coefficient as the area of the
Minkowski sum of subgroup Lorenz regions is that we can make use of an important
result relating the areas of compact sets: the Brunn—Minkowski theorem. Specifically, the
Brunn-Minkowski theorem provides a lower bound for the aggregate Gini coefficient in
terms of subgroup Gini coefficients and aggregate characteristics.

PROPOSITION 8—Brunn—-Minkowski theorem: For a population with Lorenz region A
and Gini coefficient G consisting of K subgroups with subgroup Lorenz regions A4, ..., Ag,
Gini coefficients G, ..., Gk, population shares i, ..., 7k, and income shares 6y, ..., Ok,
we have

where | - | is the Lebesgue measure. The inequality holds as equality if and only if A4, ..., Ak
are homothetic.

In light of Proposition 8, within-group inequality can be interpreted geometrically as
the minimal area of the aggregate Lorenz region for given areas of the subgroup Lorenz
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regions. Similarly, between-group inequality is the excess area in the aggregate Lorenz
region that is not explained by the areas of the subgroup Lorenz regions.

As the Minkowski sum of the subgroup Lorenz regions, the area of the aggregate
Lorenz region depends both on the areas of the subgroup Lorenz regions as well as on
how similar the shapes of the subgroup Lorenz regions are. The constrained minimum is
achieved when the subgroup income distributions are all identical so that the subgroup
Lorenz regions are homothetic. As a consequence, between-group inequality measures
the excess area in the population Lorenz region resulting from non-homotheticity of the
subgroup Lorenz regions. In other words, between-group inequality measures how dif-
ferences in the shapes of the subgroup income distributions contribute to aggregate in-
equality.” In Supplemental Appendix D, we offer an arithmetic interpretation for the
Gini decomposition.

The fact that the expression for the within-group inequality term is a lower bound
for the aggregate Gini coefficient has previously been shown in Zagier (1983) using the
Brunn—-Minkowski inequality. Zagier (1983) studies the problem of bounding the aggre-
gate Gini coefficient for given subgroup Gini coefficients, means, and population shares,
and derives our expression for the within-group inequality term as one of several lower
bounds for the aggregate Gini coefficient.! The paper also notes that aggregate inequal-
ity is smaller when subgroups are more similar in their income distributions. Because the
paper considers the situation where subgroup Gini coefficients and aggregate characteris-
tics are fixed, this is equivalent to noting that our between-group inequality term is smaller
when the subgroup income distributions are more similar.

4.4. Subgroup Consistency

The Gini decomposition together with its geometric interpretation provides helpful
insights into a notorious behavior of the Gini coefficient that is called subgroup incon-
sistency: an increase in inequality within subgroups, while keeping subgroup means and
population sizes constant, can lead to a decrease in aggregate inequality.”> Subgroup con-
sistency, which rules out this behavior, has been proposed as a requirement for decom-
posability (Cowell (2000)). The results in this paper clarify that the Gini coefficient can
violate subgroup consistency if an increase in inequality within subgroups also makes the
subgroup income distributions more similar so that between-group inequality decreases
more than within-group inequality increases.

Moreover, we note that the Gini coefficient does satisfy a weaker version of subgroup
consistency. In particular, Proposition 9 states that any transfers within subgroups that
increase subgroup inequalities according to the Lorenz criterion must also increase the

Tn convex geometry, the excess area of the Minkowski sum relative to the Brunn-Minkowski lower bound
is sometimes called the Brunn—Minkowski deficit, which has been shown to relate to the symmetry of the added
sets. Figalli, Maggi, and Pratelli (2009), for example, show that the Brunn—Minkowski deficit is bounded from
below by an increasing function of the relative asymmetry of the added sets.

ZNote that the within-group inequality term for the Gini coefficient is not generally the best lower bound
in Zagier’s setup. Unlike in our setup where only the areas of the subgroup Lorenz regions (the product of
k., Ok, and Gy) are given, Zagier looks for the best lower bound for the aggregate Gini coefficient when the
subgroup Gini coefficients, population shares, and means are given individually. The implied best lower bound
therefore exceeds our within-group inequality term as it also incorporates the part of between-group inequality
stemming from differences in subgroup means.

2Different examples of specific distributions and transfers that produce this behavior have been discussed
in the literature (see, e.g., Cowell (1988)).
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aggregate Gini coefficient.” It follows that if transfers that increase inequality within sub-
groups reduce the aggregate Gini coefficient, it must be the case that for at least one sub-
group, the new Lorenz curve intersects with the old Lorenz curve. The proof of Proposi-
tion 9 makes use of the fact that outward shifts of the subgroup Lorenz curves must result
in an outward shift of the aggregate Lorenz curve.

PROPOSITION 9—Weak subgroup consistency: Transfers within one or more subgroups
that increase the level of subgroup inequality according to the Lorenz criterion also increase

aggregate inequality.

5. EMPIRICAL APPLICATION

We demonstrate our decomposition of the Gini coefficient by analyzing the extent to
which household income inequality in the United States reflects inequality within ver-
sus between demographic subgroups. In this decomposition, between-group inequality
summarizes how much of overall inequality is “explained” by differences in income dis-
tributions between demographic subgroups, while within-group inequality is a measure of
“residual inequality” (Cowell and Jenkins (1995), Juhn, Murphy, and Pierce (1993)).*

We use data on household income in the United States from the Current Population
Surveys and define demographic subgroups by the age, education, sex, and race of the
household head.” Figure 2 shows the evolution of within-group and between-group in-
equality for the years 1967-2021. Overall, and in line with the conclusion in Cowell and
Jenkins (1995), a relatively minor share of aggregate inequality is explained by differ-
ences in income distributions between demographic subgroups. Moreover, over the past
five decades, the aggregate Gini coefficient has increased from 0.39 to 0.50, and this in-
crease was clearly driven by a rise in within-group inequality, which has increased from
0.29 to 0.41. At the same time, between-group inequality has decreased slightly from 0.10
to 0.09. As a consequence, the share of aggregate inequality that can be attributed to
demographic characteristics has decreased from 25 to 17 percent. In Supplemental Ap-
pendix F, we show how the fact that lump-sum transfers between subgroups do not affect
within-group inequality can be used to isolate the part of between-group inequality that
is due to differences in average earnings between subgroups.

BThe Lorenz criterion states that inequality of distribution A exceeds that of distribution B if the Lorenz
curve of A is always below that of B, and therefore any inequality index must judge inequality to be higher in
distribution A than in distribution B.

2*Cowell and Jenkins (1995) study how much of aggregate inequality in the United States can be “explained”
by demographic characteristics using different Atkinson indices. Juhn, Murphy, and Pierce (1993) document
rising wage inequality among men who are otherwise similar in terms of education and labor market experi-
ence. Since then, a large literature in labor economics devoted to explaining the rise in “residual inequality”
has emerged.

5 Specifically, we use the data produced by Heathcote, Perri, Violante, and Zhang (2023), who implement a
procedure to deal with topcoding in the CPS data.

%In the same Supplemental Appendix, we also implement an additional empirical application focusing on
gender earnings inequality in the United States. Both of our empirical applications apply the decomposition
formula to study inequality in a single country over time. Alternatively, one could use the decomposition to
compare inequality across countries. For example, if we observe that country A has a higher Gini coefficient
than country B, and if the within-group inequality term is also higher in country A than in country B, then
we can conclude that country A is more unequal, in part, because inequality within the subgroups contributes
more to aggregate inequality in country A than in country B.
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FIGURE 2.—Household-level income inequality within and between demographic subgroups. Households
are grouped by the age (<35, 3645, 46-55, 56-65, >65), education (no college, some college, Bachelor’s
degree, more than Bachelor’s degree), sex (male, female), and race (Black, White, other) of the household
head. Asymptotic confidence intervals are computed using the formulas derived in Supplemental Appendix B.

6. CONCLUDING REMARKS

The Gini coefficient is the most prominent measure of inequality. Yet, there has been
much disagreement regarding its decomposition by population subgroups. As a conse-
quence, researchers often rely on other inequality indices when assessing the contribution
of within-group and between-group inequality to aggregate inequality, even if they would
otherwise prefer to work with the Gini coefficient.

In this paper, we show that the Gini coefficient admits a satisfactory decomposition
formula derived from a set of axioms that ensure desirable behavior for the within-group
and between-group inequality terms. The decomposition is novel, unique given our ax-
ioms, and easy to compute. Moreover, it can be interpreted both geometrically and arith-
metically. Given these advantages, the Gini decomposition derived in this paper can be a
valuable tool for empirical research.

APPENDIX: PROOFS
A.1. Proof of Theorem 1

It is easy to verify that the functional form in (1) satisfies Axioms 1-6. The remainder
of the proof shows that if (W) satisfies Axioms 1-6, then (1) holds. We first show that for

given K > 2 and aggregate characteristics (ny, Yx)f_, € R2X , Wi must have the form

Wi (I, s Y1), o (I i, Yi)) = 1 (Z ax f(Ik)), (5)

for all (Ix)5_, € RX, where f: R, — R, is a continuous increasing function such that
f(0)=0and (a,)f, €RX,.
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SupposeK > 2and (ng, Yi)s_, € RX are fixed and let B(x1, ..., xk) = Wk ((x1, n1, Y1),
., (xk, ng, Yx)). Now, B satisfies the bisymmetry equation

B(B(xn, ey le), ey B(xKl, ey xKK)) =B(B(x11, ey xKl), e ,B(le, e ,XKK))

for all (x;) € RX*. To show this, we use Axioms 2, 3, and 6:

B(B(XH, ey le), e ,B(xKl, ey xKK))
= WK((WK((XM, ni, Y1), ..., (Xik, ng, YK)), ny, Y1), cee
> (WK((XKl, ni, Y1), ..., (Xgk, Nk, YK)), ng, YK))

=W ((#e((on ome sz ) o (o giomes i ¥a) ) Yi).
o (Wi e ) (s e 5 Vi) ) e V)
= WKZ((xn, ﬁnl, ﬁYO, cee (le, Zf:nk ng, Zkkz Y YK>,
cee (xKl, ﬁnl, Zk_ Y1> e (xKK, Z,’gnan’ szZIij YK>)
= Wx2 (xu, ﬁ Zk 1Y Yl) o) (xm, %n ) Zk 1Y Yl)
kil e K Zg:l i YK) (XKK’ Sy zfj Yk YK))
= Wi((Wi (e gt g 1) (e giome i 3)) e )

(WK((x”" zf}:n e zf:Yk YK)’ oo (o 5 STRUSES YK)’ e YK)))
( ((xn, ni, Y1), .5 (xXk1, ks YK)), ny, Yl),

((x1x, 11, Y1), .., (xkk, 1k, Yi)), g, Y))

:B(B(x“,...,xm), ...,B(le,...,xKK)).

Thus, B is a continuous function that is strictly increasing in each of its arguments, sym-
metric, and satisfies bisymmetry. As shown in Aczél (1948), B can be used to construct
a function M: RY — R, that has the same properties but is also reflexive by defining
M(xy,...,xg)=F '(B(xy,...,xx)), where F(z) = B(z, ..., z).”” Hence, M satisfies the
conditions of Theorem 2 in Miinnich, Maksa, and Mokken (2000), which states that

M(xl,...,xK)zf1<Zbkf(xk)), (6)

27 Acz€1 (1948) shows this in the case where B is a bivariate function, but the same proof generalizes to the
case of K variables.
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for some continuous increasing function f: R, — R, such that f(0) =0 and for some
bi > 0 such that "r_, b, = 1. Aczél (1948) shows that (6) implies

B(x1,...,xg)=f"" (Z acf (x) + b),

where a, = ab, for some a # 0 and b € R. Since f(0) =0, then by the normalization
axiom, B(0, ...,0) = f~!(b) =0, which implies b = 0. Thus, we get equation (5).

In equation (5), the constants a; and the generating function f can depend on K and
(nx, Yi)K_,. Note that f and c¢f generate the same Wy for any constant ¢ > 0. Thus, if
g(x) =cf(x) for all x, we call f and g the same generating function. We next show that
the generating function of Wy is independent of K and (ny, Y;)X_,.

Let K > 4. By replacement and symmetry, we have

WK((I],”], YI)7~'~; (IK,”K, YK))

K K
= I/V3((11, ny, Yl), (12, ny, Yz): (WKZ((I37 ns, Y3), vy (IK: ng, YK)), an, Z Yk))
k=3

k=3

for all (I, ni, Yi)5_, € R3X. Suppose (nx, Yi)i_, € R?X are given. By substituting equa-
tion (5) to both sides of the above equation, we get

! (Z akak)) =g (blg(ll) +byg (L) + b38<h_1 (Z Ckh(lk)))), (7)

where f, g, h are continuous and strictly increasing functions with f(0) = g(0) = £(0) =0.
Now, set I, =0 for k =3, ..., K and define x = f(I,), y = f(I»). Then, (7) implies

p(a1x + ary) =bid(x) + bap(y)

for all x, y € R,, where ¢ = go f~'. By Theorem 2 on p. 67 in Aczél (1966), this equation
has a solution only if a; = b; and a, = b, and the solution is ¢(x) = cx for some constant
¢ #0. Thus, go f~!(x) = cx, which implies g(x) = ¢f (x) for all x € R,, that is, W and W,
have the same generating function for any K > 4.

Inserting this result into equation (7) when K = 4, we get

4
f (Z akf(lk)) =[N af (1) + axf (L) + bsf (B (a1 h(L3) + 2h(14)))).-
k=1
By defining x = h(I;) and y = h(l4), we can rewrite the above equation as
Zo(x) + 700 = d(eix +cxy)
3 3

for all x,y € R,, where ¢ = f o h~'. This yields ¢; = as3/b;, ¢; = a4/b;, and ¢(x) =
f o h7!(x) = cx for some constant ¢ # 0, or f(x) = ch(x) for all x. Thus, W, and W,
have the same generating function. Hence, we get that the generating function of Wy is
independent of K for K > 2. Moreover, since aggregate characteristics (ny, Y;)~_, were
arbitrary, the generating function does not depend on them.



184 V.-M. HEIKKURI AND M. SCHIEF

Finally, we show that the constants a; in (5) have the form a; = m, “6%, where m;, =
ny/ Zle n; and 6, =Y/ Zf;l Y. Using replacement and equation (5), we get

- (Z akak)) =f"! (bl 2ckf(lk) + bzf(IK)) ®

k=1

for all K > 2, (I;)f_,; € RX, and (ny, Yi)r_, € R, where ar=a(ng, Yisng, Yy, ..., ng,
K—1

Yx), ck =c(ng, Yis ny, Y, .. nK 1, Yk_1), by = b(Zk 1 Nis kK;ll Yis D ieq Pies f;ll Ys,
ng, Yx),and b, = b(nK, Yx; Zk | M, f;ll Y, nk, Yx) for some functions a, b, and c. By
setting [, =0fork=1,...,K — 1, we get

K- -1
a(ng, Yx;ni, Yi, ..., ng, Yi) = b(nk, Y Y ni, Y Vi, ng, YK)
k=1 k=1

for all (n, Yi)_, € R%*. By scale and population independence, we get
a(”K: YKv ny, Y17 ...y ng, YK) = b(WK7 0K9 1 — Tk, 1 - 6K7 K, BK) == w(7TK7 0K) (9)
for some function w. Due to symmetry, this result holds for any k. Moreover, since K is

arbitrary, the same result applies to functions b and c. By substituting (9) into equation
(8) and setting I; =0 for all j # k forsome k=1, ..., K — 1, we get

K1 K-1
w( ny Y ) _w(Zk lnk Zk Yk>w< ny Y )
YR e YR Y LY 7 SR e Sy )2

which generalizes to w(ab, cd) = w(a, c)w(b, d) for all a,b,d,c € (0,1). Let a = e*1,
b=e*,c=e",d=e*. Then, we have

©(X1 4 X2, X3+ x4) = @ (X1, X3) + @(X2, X4)

for all xi, x,, x3, x4 € (—00,0) where ¢(x,y) = Inw(e*, e’). By Theorem 1 on p. 215
in Aczél (1966), we get ¢(x,y) = d\x + d,y for some constants d;, d,, which implies
w(m, 0) = w1 6% for all , 6 € (0, 1). Now, using weak reflexivity, we get

w(tm, 10) + w((1 — ), (1 —1)6) = w(w, 6)
for any ¢ € (0, 1), which simplifies to 1+ + (1 — ¢)“+% = 1. Since the left-hand side is

strictly increasing in d; + d,, then d; + d, = 1 is the unique solution.
Thus, we have

k=1

Wi (1 n1, Y1), - (I, ik, Yi)) = (Z ™ HGZf(Ik)>

for all K > 2, (I)X_, € R , (i, YK e R++, and for some « € R. Due to continuity of
Wk, these results extend to cases where n;, =0 or Y, =0 for some k.
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A.2. Proof of Proposition 1

In the proof, we use Proposition 8 and the following lemma.

LEMMA 1: There exist two distinct distributions that share the same moments and Gini
coefficients, which are all finite.

PROOF: Let X, be a random variable with the density function

_ (n(x)?

1
1[0’00)()(7);6 2

1
() = (14 csin(27 In(x

fe(x) = (1 + ¢sin(2mIn(x))) N
that depends on parameter ¢ € R. Note that X|, is distributed lognormally with parameters
=0, o =1. It can be shown that for ¢ € [—1, 1], all moments of X, are finite and do
not depend on ¢.”® Moreover, we show that there are two distinct values of ¢ such that
the Gini coefficients of X, are equal. Since the Gini coefficient can be written as G =
1-2 fol L(x)/L(1)dx, it suffices to show that fol L.(x) dx is equal for two different values
of ¢, where L. is the generalized Lorenz curve of X..

Since L.(F.(x)) = [, tf.(t) dt, where F, is the CDF of X,, we need to show that there
exist two distinct values of ¢ for which the integral of the generalized Lorenz curve, A, =

—1
fol OFC @ tf.(t) dt dx, are equal. With some manipulation, we get

1
A, = a+bc+dc?),
e )

o 22 z 1 Sz
a= e z7¢éf 1—/ ez ds) dz,
/oo < —00 V27T

b=/ sin(27rz)ezzzezdz—/ sin(27Tz)eZZZeZ/

00 —00 277

o0 Zz z 1 Sz
- / e’ T ez/ sin(2ms) e"ZTdsdz,
—00 —00 V21

0 22 ‘ 1 S2
d =/ sin(ZWz)eZeZ/ sin(27rs) e Zdsdz.
—00 — A/

9 2’7T

where

z

2
=
e 7dsdz

Now, if b = 0, then we have the result since 4. = A_. for any c € [-1, 1]. First, note that

(o) 12 (o) (o)
/ sin(2mz)e"z7e*dz = / Sin(27TZ)€_%(Z_1)2€% dz=ez / sin(277-x)e‘%(x)2 dx=0

o0 —00 —00

as an integral of an odd function. Thus,

0 22 z 1 3'2 o ZZ z 1 .\'2
b= —f sin(27wz eZeZ/ e 2dsdz —/ eZeZ/ sin(27s e 7dsdz
—00 ( ) —o0 V 277 —00 —00 ( )\/ 2’7T

f / o1 (sin(27z) + sin(27s)) dsdz

[T

= —e€

B8ee, for example, Schmiidgen (2017).
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1 [} 1
— —2¢? / eitzf o~ (+30? (sin<277<x + Et)) COS(—ﬂ't)) dxdt
1 ! 1.2 *© 2
= —2e7/ e’ cos(—v-rt)f e " sin(2ms)dsdt =0,

since [ e~ sin(27s) ds = 0 as an integral of an odd function. Q.E.D.

Suppose there exist a finite set of moments () and a function F such that (4) holds.
Suppose L and L, are generalized Lorenz curves of two distinct distributions that have
the same values for the moments in () and the same Gini coefficients. Consider a popu-
lation partitioned into K subgroups where each subgroup has generalized Lorenz curve
L, and denote the vector of moments of L, by {),. Then, the aggregate Gini coefficient of
the population is equal to G = F(G(L,), ..., G(Ly), Qy, ..., Qy; 7, ..., Tx). By Propo-
sition 8, we have

F(G(Ly),...,G(L1), Qu, ..., Qi ..., i) = (Zw/rrkekG(L])> =G(Ly),

since subgroup Lorenz curves are homothetic, 6, = 7, for all k, and Zf:] e = 1.

Next, consider another population partitioned into K subgroups, where one subgroup
has generalized Lorenz curve L; and the other subgroups have generalized Lorenz curves
L,, and let G denote the aggregate Gini coefficient of this population. Since the subgroup
Gini coefficients and moments are the same as before, we have

G=F(G(L1),...,G(Ll),Ql,...,Ql; ’7T],...,7TK) =G(L1)

But since the subgroup Lorenz curves are not all homothetic, then Proposition 8 implies

G > G(L,), which is a contradiction. Therefore, (4) cannot hold.

Note that, as is shown in the proof of Lemma 1, there exist two distinct distributions
that share the same sequence of moments and Gini coefficients. Therefore, equation (4)
would not hold even if we allowed () to be a countably infinite set of moments.

A.3. Proof of Theorem 2

We first show that the within-group inequality term (2) and between-group inequality
term (3) sum up to the aggregate Gini coefficient by showmg that G® = G — G". Let
A = E[|y; — y;|] denote the mean absolute difference in the population. Note that the
aggregate G1n1 coefficient is equal to A/2u and the within-group inequality term G" =

(X m/Br)? /2. Define © = E[Lg,211y: — yj1]- Now,

G—GW:— ——<Zwkf> (A ngAk > mem AkA,)

Kkl

1 K
=3 <E[|yi —ill =D B[ lig—alyi = yil] = D ﬂ-kmm>

k=1 k£l

= i(@ — Z’ﬂk’ﬂ[\/ AkA[> = GB.

2 k£l
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Next, we show that the decomposition satisfies all the axioms. Since the within-group
inequality term has the form of (1) with & = 1 and f(x) = x2, it satisfies Axioms 1-6 by
Theorem 1. If all subgroups have identical income distributions, then the Gini coefficients
are equal across subgroups and the income share of each subgroup equals its population
share. In this case, both the aggregate Gini coefficient and the within-group inequality
term in (2) are equal to the common subgroup Gini coefficient. Thus, between-group
inequality is equal to zero and Axiom 7 holds.

Bhattacharya and Mahalanobis (1967) show that the aggregate Gini coefficient can be
written as

G(L)=)Y m6:Gi+G(L)+R, (10)

where L is the generalized Lorenz curve after replacing each individual’s income with the
respective subgroup mean and R is a residual term that depends on the amount of overlap
between the subgroup income distributions. R is zero if and only if subgroup income dis-
tributions do not overlap. It is possible to create overlap with within-group transfers that
keep subgroup Gini coefficients constant whenever at least two subgroups have positive
population and income share. Hence, the aggregate Gini coefficient is aggregative if and
only if at most one subgroup, j, has both strictly positive population and income share. In
this special case, the between-group inequality term (3) reduces to G® = m; + 6; — ;6;,
which does not depend on subgroup income distributions under fixed aggregate charac-
teristics. Hence, Axiom 8 holds.

We next show that the decomposition of Gini coefficient into (2) and (3) is the unique
decomposition that satisfies Axioms 1-8. Suppose W is a within-group inequality term for
the Gini coefficient that satisfies all eight axioms. First, by Theorem 1,

W((Gb ny, Y1), s (GK, ng, YK)) = f71 <Z WiQHZf(Gk)>
k=1

for all (G, ni, Yi)f_, € R3¥, where f is a strictly monotonic function with f(0) = 0 and
a € R. Since cf generates the same W as f for any ¢ # 0, we can assume f(1) = 1 without
loss of generality.

Now, if there is only one subgroup, j, with strictly positive population and income share,
then by Axiom 8 and equation (10), we get

W =f"(m0:f(G))) = m0,G,

for all 7;, 0;, G; € [0, 1]. By taking f of both sides and setting G; = 1, we get 77}‘“0;’ =
f(m;0)) for all 7;, 6; € [0, 1]. By setting 7; = 1, we get f(x) = x* for all x € [0, 1], and by
setting 6; = 1, we get f(x) = x'~ for all x € [0, 1]. Thus, we have @ = 1 — a which implies
a=3and f(x) = x2 forallx e [0, 1]. Therefore, the decomposition with the within-group

inequality term (2) and between-group inequality term (3) is the unique decomposition
for the Gini coefficient that satisfies Axioms 1-8.

A.4. Proof of Proposition 2

In the proof, we use the following lemma.



188 V.-M. HEIKKURI AND M. SCHIEF

LEMMA 2: Merging the first m < K subgroups into one weakly increases the within-group
inequality of the Gini coefficient. That is,

GW((G17 T, 01)7 sy (GK7 K, OK))
=< GW((Gy %’ é)’ (Gm+1’ Tm+1s 0m+1)7 X (GK5 K 01())7

where 7 = Y0 i, 0= Y1, 0k, and G is the Gini coefficient of the mixture of the first m
subgroups’ income distributions with weights (1, /7)}._,. Merging does not affect within-group
inequality if and only if the income distributions of the m subgroups are identical.

PROOF: Let G” denote the within-group inequality among the first m subgroups and
let G” denote the level of within-group inequality after the first m subgroups are merged

into one. Because G > GV = (Zk | \/(wk/w)(ﬂk/O)Gk) we have that

K 2
GWZ (\/ %éG-F Z 7Tk0ka>

k=m+1

K 2 K 2
(\/ Z E&Gk Z 7Tk6ka> = (Z WkOka) —
k=1

k=m+1

Moreover, we have G = G if and only if the income distributions of the first m subgroups
are identical, in which case we have G = G Q.E.D.

The proof proceeds by showing that within-group inequality increases under the oper-
ation while the aggregate Gini coefficient is unaffected. Consider first drawing a random
sample of fraction @ > 0 from the population and assigning the sampled individuals to a
new subgroup. This operation increases the within-group inequality term. To show this,
we use equation (2) and the Brunn—-Minkowski theorem (Proposition 8),

GW((Gl, 1—-a)m, (1 - a)@l), ey (GK, (1 —-a)mg, (1— a)HK), (G, a, a))

=((1—C()Z 7Tk0ka+a\/5> 2((1—(1)2 7Tk9ka+aZ kaka)

k=1 k=1
P 2
= (Z 7Tk9ka> =G"((G1,m, 01), ..., (Gk, 7k, bk)), (11)
k=1

where equality holds if and only if the subgroups have identical income distributions.
Now, by the weak reflexivity, symmetry, and replacement axioms, we have

GW((Gl, 1-a)m, (1 - a)01), e, (GK, (1—-a)mg, (1 - a)BK), (G, a, a))
= GW((Gl, (1 —-a)m, (11— a)Hl), ey (GK, (1—-a)mg, (1— a)OK),
(G, am, am), ..., (G, amg, CMTK)). (12)
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Let Gk and 6, denote the resulting Gini coefficient and income share after a 1 — & sam-
ple of subgroup k’s distribution is merged with an am;, sample of the aggregate distri-
bution. By Lemma 2 and symmetry, the right-hand side of (12) is less than or equal to
GW((Gl, T, 51), e, (GK, K, éK)). Equality holds only if all subgroups have the same
distribution of income. Combining this with (11), we get

GW((GU T, él); ceey (GK’ TK, éK)) = GW((Gla T, 01)7 (R (GK, K, 0]()).

The left-hand side of the above equation corresponds to within-group inequality after re-
placing the incomes of a random « sample with a random draw from the aggregate income
distribution. As the aggregate Gini coefficient is unchanged while the within-group in-
equality term increases, between-group inequality must decrease. Within-group inequal-
ity remains unchanged if and only if the subgroup income distributions are identical. In
this case, between-group inequality is also unaffected.

A.5. Proof of Proposition 3

By Lemma 2 and symmetry, merging any m < K subgroups weakly increases within-
group inequality. Because the aggregate Gini coefficient is unaffected by merging sub-
groups, between-group inequality must weakly decrease. Moreover, by Lemma 2, within-
group inequality does not change if and only if the m subgroups have identical income
distributions. Then between-group inequality does not change either.

A.6. Proof of Proposition 4

Let G denote the Gini coefficient after replacing y; with j, for all i. First, note that the
redistribution scheme reduces the aggregate Gini coefficient by « percent:

G— E[U’i - )7j|] _ E[D’i —a(y—p) = (y—a(y— M))|] (- a)]E[D/i — y_,-l]

2u 2u 2
=(1-a)G.

It is easy to see that within-group inequality also decreases by a percent:

- (o Vmac) ( \/ p 20—l |]>2
_(1_(1)(2\/ B[]y — y]]) ~ a)(Z\/mOk ellyi = y,l])

=<1—a>(;m) (- a)G”,

where 6, is subgroup k’s income share after the replacement of incomes. Finally, since
both the aggregate Gini coefficient as well as the within-group term decrease by frac-
tion «, the between-group term must also decrease by fraction a.
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A.7. Proof of Proposition 5

Note that the within-group inequality term can be written as

-5 - S - )

But since lump-sum transfers between subgroups affect neither the mean absolute dif-
ference within subgroups nor the mean income in the population, it follows that such
transfers do not affect within-group inequality.

A.8. Proof of Proposition 6

Scale invariance follows directly from the scale invariance of within-group inequality
and the inequality measure itself. To show translation invariance, note first that adding
some fixed amount z to each income in a population with average income u decreases the
Gini coefficient by a factor of w/(uw+z). Let G, and 6 denote the Gini coefficient and the
income share of subgroup k after translation. Within-group inequality after translation
can then be computed as

2

w_ 0 k+Z Mk
_<Xk: kaka <Z\/Wk Wk,u+z (MkJrsz))
M+Z<Zk: ikt k) m+z Xk: Ok m+z

that is, within-group inequality also decreases by a same factor of u/(u + z). Hence, the
ratio of within-group inequality to between-group inequality remains unchanged.

A.9. Proof of Proposition 8

The inequality together with the equality condition follows directly from the Brunn—
Minkowski theorem. See, for example, Gardner (2002) for the proof of the Brunn-
Minkowski theorem in the case of two sets. The theorem can be easily generalized to
three sets. The general case of K sets follows by induction.

By associativity of Minkowski addition, we have

A A sl = [ A) + A3] = (1A + Aol + sl
= (Ml 102))E 1018 = (A + 1ol + aal)’,

where the inequalities hold as equalities when Ay, A,, and A; are homothetic. The last
claim follows from the fact that homothety is closed under Minkowski addition.

A.10. Proof of Proposition 9

Transfers that increase subgroup inequality by the Lorenz criterion shift the subgroup
Lorenz curves outwards so that the pre-transfers Lorenz regions are subsets of the post-
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transfers Lorenz regions. Since A ® B < A® B if A € A and B C B, such transfers also
shift the aggregate Lorenz curve outwards. Hence, aggregate inequality must increase.
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In this online appendix, we extend our axiomatic framework and provide additional re-
sults. In online appendix A, we show that our axiomatic framework can also be used to
uniquely determine the standard decomposition formulas for the generalized entropy and
Foster—Shneyerov indices. In online appendix B, we derive asymptotic confidence intervals
for the within and between-group inequality terms of the Gini decomposition. In online ap-
pendix C, we show how the decomposition formula can be extended to multivariate Gini
coefficients. Online appendix D provides an arithmetic interpretation of the Gini decompo-
sition. Online appendix E illustrates the aggregation of subgroup Lorenz regions and the
geometric interpretation of the decomposition in the case of continuous distributions. Online
appendix F presents additional empirical applications.

APPENDIX A: EXTENSION OF THE AXIOMATIC FRAMEWORK TO OTHER INEQUALITY
INDICES

In the main paper, we introduce an axiomatic framework to define decomposability of in-
equality indices and show that there is a unique subgroup decomposition for the Gini coef-
ficient. In this appendix, we discuss how our framework relates to the existing definitions of
decomposability and show that our framework can also be used to derive the decompositions
for the generalized entropy indices and the Foster—Shneyerov indices, two families of inequality
indices that are commonly considered decomposable although under different frameworks.

A.1. Definitions of Decomposability

In a series of seminal papers, Bourguignon (1979), Shorrocks (1980, 1984), Cowell (1980),
and Cowell and Kuga (1981) define decomposability in terms of a strict aggregativity require-
ment. In their definition, an inequality index is decomposable if aggregate inequality is a func-
tion of subgroup inequality indices, average incomes, and population shares. The main result
from this literature is that any inequality measure which satisfies this aggregativity requirement
is ordinally equivalent to a generalized entropy index. These indices include the Theil index, the
mean log deviation, and half the squared coefficient of variation, but not the Gini coefficient.

Foster and Shneyerov (2000) explore a different requirement for decomposability which they
call path independence. They define within-group inequality and between-group inequality in
terms of representative incomes. Within-group inequality is the level of inequality when all
subgroup distributions are re-scaled to have a common representative income level. Between-
group inequality is the level of inequality when each individual’s income is replaced with their
subgroup’s representative income. An inequality index is decomposable if it can be written as
the sum of such a within and between-group inequality term. From this definition, Foster and
Shneyerov (2000) derive a family of decomposable inequality indices that is uniquely deter-
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mined (up to a scalar multiple) by their path independence requirement. This family includes
the mean log deviation and half the variance of logs, but not the Gini coefficient.'

Interestingly, the Foster—Shneyerov indices do not satisfy the aggregativity requirement by
Bourguignon (1979) and others, while the generalized entropy indices do not satisfy the path
independence requirement by Foster and Shneyerov (2000). Both these families of inequality
indices are nevertheless commonly considered decomposable. In this appendix, we show that
the standard decomposition formulas for the generalized entropy and the Foster—Shneyerov
indices are consistent with the axiomatic framework introduced in section 3 of the this paper.
Moreover, we show that if we strengthen Axiom 7, the decomposition formulas for the general-
ized entropy and Foster—Shneyerov indices are the unique formulas that satisfy all the axioms.
Importantly, strengthening the statement of Axiom 7 does not affect the results for the Gini
coefficient. Hence, there exists a common axiomatic framework under which the Gini coeffi-
cient, generalized entropy indices, and the Foster—Shneyerov indices are all decomposable with
unique decomposition formulas.

We also show that for Atkinson indices, which satisfy aggregativity, there does not exist
a decomposition that satisfies our axioms. The fact that the Gini coefficient is decomposable
under our framework while the Atkinson indices are not shows that aggregativity is neither a
necessary nor sufficient condition for decomposability.

A.2. Definitions

The inequality indices considered in this section require a more restricted domain compared
to the Gini coefficient as they are only defined distributions for which a cumulative distribu-
tion function exists. Thus, in this appendix, we represent distributions with their cumulative
distribution functions. Generalized entropy indices are a family of inequality indices defined
as

A ()7 =1)arw)  fora#01
GEa(F)=q [IndF(y) for a =0 (13)
[ ¥ In LdF(y) fora—1,

where y is the mean income, o € R is a parameter that indexes different members of the family,
and F' is the cumulative distribution function. The Theil index is the generalized entropy index
with o = 1, and the mean log deviation is the generalized entropy index with av = 0.

The Foster—Shneyerov family, introduced in Foster and Shneyerov (2000), is defined as

1 Hq(F)

FS,(F) = { o oy 7&— . (14)
= forg=0
201n q ,

1
where f1,(F) = (fyqu y)) 1 is the power mean of order g, g(F) = exp( [ InydF(y)) is the
geometric mean, and o, = [(Iny — In p)?dF (y) is the variance of log income.”
Finally, the family of Atkinson indices, introduced in Atkinson (1970), is defined as

AE(F):I—’ILI;(F) fore <1,
/,a

'Note that the variance of logs is not, strictly speaking, an inequality measure as it violates the Pigou-Dalton
principle, see Foster and Ok (1999).

2Note that, strictly speaking, only Foster—Shneyerov indices with parameter values ¢ > 1 are inequality indices.
For other parameter values, the Pigou-Dalton transfer principle is violated.
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where yi,_.(F) = ( [y'~dF(y)) "= is the power mean of order 1 — e.

A.3. Aggregativity and Axiom 7

In the main text, Axiom 7 states that between-group inequality is equal to zero when all sub-
group income distributions are identical. As shown in Proposition 1, aggregate Gini coefficient
in general depends on all moments of the subgroup income distributions. Hence, we want to
allow between-group inequality to be positive when subgroups differ in any moments.

However, it is reasonable to strengthen Axiom 7 for the generalized entropy and Foster—
Shneyerov indices. The generalized entropy indices depend only on subgroup means, inequality
levels, and population shares, and it is therefore natural that between-group inequality is zero
whenever the subgroups all have the same mean. Similarly, the Foster—Shneyerov index of order
q, conditional on subgroup inequality levels and population shares, depends only on subgroup
moments of order ¢, and it is therefore natural that between-group inequality is zero whenever
the subgroup income distributions have the same qth moment. Hence, the statement of Axiom 7
should reflect the aggregativity properties of the underlying inequality index. For this purpose,
we define the concept of {2-aggregativity.

DEFINITION 1: An inequality measure [: D — R, is (2-aggregative if there exists a finite
set of moments €2 and a function F: R x RY% x R — R, such that

I:F(Il,...,IK,Ql7...7QK;TL1,...,7’LK)7

where I, is the level of inequality in subgroup k, €2, are subgroup k’s values for the moments
contained in €2, Q2 is the minimal set of moments such that the above formula holds, and M is
the cardinality of €2. If such an 2 and F' do not exist, then I is {2-nonaggregative.

Generalized entropy indices and Atkinson indices are inequality measures that can be written
as functions of subgroup inequality levels, average incomes, and population sizes. Hence, these
measures are (2-aggregative with 2 = {1 }. We call inequality indices with this property means-
aggregative. The Foster—Shneyerov index of order ¢ # 0 is aggregative with gth moments, that
is @ = {u, }.> In Proposition 1 in section 4.2, we show that the aggregate Gini coefficient can
generally not be computed from subgroup Gini coefficients, population sizes, and any number
of subgroup moments. Thus, the Gini coefficient is {2-nonaggregative. We use {2-aggregativity
to introduce an equivalence relation between distributions, which we call 2-equivalence.

DEFINITION 2: For a given inequality index, we call two distributions {2-equivalent if they
are identical in all moments contained in ). If ) does not exist, then we call two distributions
Q-equivalent if they are the same distribution.

With Q-equivalence, Axiom 7 can be strengthened as follows:

AXIOM 7*—Normalization: By is equal to zero if and only if all subgroup income distri-
butions are 2-equivalent.

Note that the decomposition of the Gini coefficient satisfies the statement of Axiom 7%,
which is a direct corollary of the Brunn—Minkowski theorem and the fact the Gini coefficient is
(-nonaggregative. Hence, the Gini coefficient is decomposable with the same unique decom-
position formula even under this strengthened version of Axiom 7.

3Note also that it is possible to construct an 2-aggregative inequality index for any arbitrary choice of €2 by taking
convex combinations of appropriate Foster—Shneyerov indices.



A.4. Decompositions of the Generalized Entropy, Foster—Shneyerov, and Atkinson Indices

We next show axioms 1-6, 7*, and 8, uniquely determine the standard decomposition for-
mulas for the generalized entropy indices and the Foster—Shneyerov indices.

PROPOSITION 10: For all o € R, the decomposition of generalized entropy index (13)

K
GEo(F) =Y m “0fGEq.(Fy) + GEo(F), (15)

k=1

where F' is the cumulative distribution function after replacing each individual’s income with

the respective subgroup mean, is the unique decomposition that satisfies axioms 1-6, 7*, and
8.

PROOF: The within-group inequality term in (15) is an arithmetic average of subgroup in-
equalities with a geometric average weight structure in the subgroups’ income and population
shares. It therefore satisfies axioms 1 through 6 as a result of Theorem 1. Because general-
ized entropy indices are means-aggregative, Axiom 7* requires that between-group inequality
is zero if and only if all subgroups have equal means. The between-group inequality term
in (15) is clearly equal to zero if and only if all subgroups have equal means. Moreover, the
between-group inequality term is always constant for given aggregate characteristics and there-
fore satisfies Axiom 8.

Next, we show that (15) is the unique decomposition for generalized entropy indices that
satisfies axioms 1-8. Let o € R and suppose that GE, = W + B is a decomposition of a
generalized entropy index of parameter « that satisfies axioms 1-8. Then, by Axiom 8, B
is independent of subgroup income distributions. Hence, we can eliminate inequality within
each subgroup without changing the value of B by replacing each individual’s income by their
subgroup’s average income. By Axiom 4, W (F') = 0, and thus B = GE,(F). Finally, we get
W =37 7. "0 GE,(F) by subtracting B from G E,,(F).

Q.E.D.

PROPOSITION 11: For all q € R, the decomposition of Foster—Shneyerov index (14)

K
FS,(F) =Y mFS,(Fy) + FS,(F), (16)

k=1

where F' is the cumulative distribution function after replacing each individual’s income with
the respective subgroup power mean of order q, is the unique decomposition that satisfies
axioms 1-6, 7*, and 8.

PROOF: Let g € R. Since equation (16) always holds, the Foster—Shneyerov index with pa-
rameter g is (2-aggregative with {2 containing the ¢qth order moment.

The within-group inequality term in equation (16) fits the form of (1) with f(z) =z and a« =
0. Thus, by Theorem 1, (16) satisfies axioms 1-6. The inequality of power means* states that
power means with different exponents give the same value if and only if all arguments are equal.
Thus, between-group inequality in (16) is zero if and only if all subgroups have equal gth order

“see e.g. Theorem 1 on p. 203 in Bullen (2013)
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moments, that is, if and only if subgroup income distributions are {2-equivalent. Hence, Axiom
7* holds. Finally, the condition in Axiom 8 never holds for any Foster—Shneyerov index with
q # 1, and in the case of ¢ = 1, the index and the decomposition coincides with the generalized
entropy index of parameter o = 0, which is shown to satisfy all axioms in Proposition 10. Thus,
Axiom 8 holds.

For uniqueness, let F'S, = W + B be a decomposition that satisfies axioms 1-8. Now, con-
sider a case where all subgroups are {2-equivalent, that is, all subgroups have equal gth mo-
ments. By Axiom 7*, between-group inequality is equal to zero and we get W = F'S,(F').
Using equation (16), we get

FS,(F)=> mFS,(F.)=W

forall 7, € [0,1] and F'S,(F}) e R,.
Using Theorem 1, we get

(Zwl 02 f(FS,(Fy) ):Zkasq(Fk)
or

Zn; 02 £ (FS,(Fy)) (ZmFs Fk)) 17

forall m;, € [0,1], 0, € [0, 1], and F'S,(F},) € Ry, where f is a strictly monotonic function with
f(0) =0and « € R. Since cf gives the same W as f for any ¢ # 0, we can assume f(1) =1
without loss of generality. By setting 'S, (F},) = 1 for some k and F'S,(F;) =0 for all j # k,
we get 1, 0% = f(m,) for all 7., 0, € [0,1]. Thus, we must have o = 0 and hence f(z) =
for all = € [0, 1]. Now, equation (17) becomes

Zﬂkf(FS (F)) (anps (Fy)). (18)

for all 7, € [0,1] and F'S,(F}) € R,. The only strictly monotonic solution to equation (18)
is f(x) = ax for some a # 0.> With normalization f(1) =1 we get @ = 1, and thus W =
S, TS, () for all m, € [0,1], 0, €[0,1], and F'S,(F) € R, , and we get B = F.S,(F) as
a residual.

Q.E.D.

We next turn to the Atkinson indices. These indices are means-aggregative and therefore or-
dinally equivalent to generalized entropy indices (Shorrocks, 1984). However, there is no uni-
versally accepted way to decompose Atkinson indices into within-group and between-group
inequality terms that sum to aggregate inequality.® We show that there cannot exist a decom-
position of Atkinson indices that satisfies all of our axioms. In the proof of the proposition,
we show that Axioms 4 and 8 imply unique expressions the for within-group and between-
group inequality terms, but the implied within-group inequality term does not satisfy Axiom 6
(replacement).

Ssee Aczél (1966).

5The most common decomposition of the Atkinson index was derived by Blackorby et al. (1981) and consists of
a within-group inequality term W and a between-group inequality term B that combine into the aggregate Atkinson
index as A = W + B — W B, and therefore violates our requirement that A = W + B.



PROPOSITION 12: For any € < 1, the Atkinson index A. cannot be decomposed into a
within-group inequality term and a between-group inequality term that satisfy axioms 1 — 6,
7*, and 8 and sum to the aggregate Atkinson index.

PROOF: Suppose that A. = W + B is a decomposition of the Atkinson index of parameter ¢
that satisfies axioms 1-8. Since the Atkinson index for any € < 1 is a monotonic transformation
of a corresponding generalized entropy index, it is means-aggregative. Thus, by Axiom 8, B is
always independent of subgroup income distributions. We can thus eliminate inequality within
each subgroup by replacing each individual’s income by their subgroup’s mean income without
changing the value of B. Hence, B = A.(F). By subtracting B from A., we get

W—(i . ) ) (Zw 0= (1 — A.(Fy))~ )1

k=1

The above formula for W does not satisfy the replacement axiom, which is a contradiction.
Thus, there is no decomposition for Atkinson indices that satisfies axioms 1-8.
Q.E.D.

APPENDIX B: INFERENCE

In this section, we derive the asymptotic confidence intervals for the within and between-
group inequality terms in the Gini decomposition. We show that the plug-in estimators for
the within-group and between-group inequality terms are asymptotically jointly normally dis-
tributed, which allows us to derive the asymptotic variance for these terms using the delta
method. Furthermore, we confirm through simulation exercises that inference based on the
asymptotic variances yields very precise confidence intervals for lognormally distributed data
and sample sizes similar to those in our empirical application.

B.1. Asymptotic normality

We consider sampling n i.i.d. random vectors X; = (y;, g;), where y; € R, is the income and
g: € {1,2,..., K} is the subgroup affiliation of individual 7. Let F’ denote the cumulative distri-
bution function of y;, F}, the cumulative distribution function of y; conditional on g; =k, F_
the cumulative distribution function of y; conditional on g; # k, u = E[y:], ux = Elyi|g; = k],
e =P(g;: =k),and 0, = mppp/pfork=1,..., —y,|] denote the
mean absolute difference of distribution F', A, = E, Uyz —y;llgi,9; = k‘] the mean absolute

difference of subgroup k, A= E[l{gi:k}l{gj:k} ly; — y]|] = 17 Ay, the adjusted mean abso-
lute difference of subgroup k, and © = E [1{5]#%} ly: — |] the expected absolute difference
of incomes between individuals from different subgroups scaled by the share of cross-group
pairs. Finally, let G and G denote the within-group and between-group inequality terms for
the Gini coefficient of distribution F and G}¥ and GZ their values computed from a sample of
n individuals.

Theorem 3 holds that the pair of within-group and between-group inequality terms of the
Gini coefficient is asymptotically jointly normally distributed and states their asymptotic co-
variance matrix.’

"Corresponding formulas for the asymptotic variance with sampling weights can be derived similarly by writing
the within and between-group inequality terms as functions of weighted U-statistics and applying the delta method,
see also Cowell (1989).
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THEOREM 3: IfE[y?] exists, pn > 0, and Ay, > 0 for all k, then
V(G = GY,GE - GP) S N(0,3),
where

2
_ | ow OwsB
- 2 ’
oOwp Op

with the following expressions for the elements in the covariance matrix:

a2 < av SravyE [
ol = <) Var(y;) + — 0% — <) —OA

=Y = AA, (19)
k£l H
B\ 2 K ~ B
1 (siV/A G
0% = () Var(yz)—|—4 20é+;4u2< lf/k?k l> 2Ak 706

L5 (5 A

k#l ik j#l
1
UWBzi(O'é—O'a/—O'ZB) 21
where
G)2 1 G
o =|—) Var(y;) + —5 0% — —0a
G u ( ) 4/112 A ,UJQ s
o :4/ / |z — y|?dF (y)dF (z) — 4A?
o Jo
oA, =

2/000 /OOO @ — ylzdF(y)dF (z) — 254
o2 —4]?;@(1—@)2/000 (/OOO x—y|dF_k(y)>2dFk(m) e

oo [o'e) 2
. / ( / |x—y|dFk<y>) dF,(x) - 452,

K oo oo
‘79#:227%(1_7“@)/ / |z — ylzdF_y(y)dFy(x) — 20 pu,
P o Jo



051“7”—2753/ / |z — y|xdFy,(y)dFy,(x) — 284,
o Jo

(@Akzﬁﬂl—mq/ / m—ywﬂwwx/ & — y|dFy(y)dF(z) — 404,
0 0 0

PROOF: First, note that

v im> (Z E[ly: — Igi,gj—k]>2

241

K
/j, [|yz y]‘ gzagj - k
;;1 ﬂi; o0 ) (Zm\/ﬂi 1y — v gugjkr])
1 K 2 1 K —\ 2
A(EE) - (E )
k=1 k=1

That is, we can write the within-group inequality term in the Gini decomposition as a function
of the aggregate mean and the subgroups’ adjusted mean absolute differences. Similarly,

B__w_i_iK ~2_i _KN_ —
GE=G-G _2MA o ;\/Ak =% A ZAk ALA,

k=1 k£l
1 K —
SN OIS DL NIRRT Ay
H k=1 Py
1 < S
=9—Z¢m&>
2p k£l
Let
1
= Yi,
n -
=1
A 1
Q_n(n 21{9#93”92 yg|
#J
and
2 1
Ak = nin—1) Z Lig,=ryLig;=r1|ys — ysl-

i#]
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Since fi, ©, and A, are U-statistics, then by Theorem 7.1 in Hoeffding (1948) they are asymp-
totically jointly normally distributed with covariance matrix

2
o, Oue O -0

P . pAy NS
Oop  Oo OgA; " OoAg
- -~ 2 PECEY
Y= | %A A0 94, On1AKk
Ox .. Oh. .o OR A "+ O2
Agp VAgO YAgA A

where

o, = Var(y),

Ué =4E E[l{gi#gj}‘yi - yj| -0

Yi, 9] 2}

—JE ]E [Ligi 20,3 |vi — yj||yz-,gz-]2} _ 40?2

— e[ (=) [ - vlar, <y>ﬂ e
:4gwk /Ooo ((1—7Tk)/000 |x—de_k(y)>2dFk(x)—4®2

:4’2@(1—@)2/ (/Om|x—y|dF_k(y)>2dFk(x)—4@2,

v
ES

=4E ]E [1{g,;:k}1{gj:k}|yi —y;| = Ak‘ymgi]Q]

yiagi] 2} - 4Ai

=4E ]E[l{gizk}l{gjzk}|yi — i

=4E :1{gi:k}E[1{9j:k}|yi —y5l[i: 9] 2} —4A2

[e'e] 2
=4E | 15,—1y (ﬂ'k/ Y —yIdFk(y)> } —4A2
0

[e's) [e%) 2
0 0

oo oo 2
—ant [ [T lo-sldrn)) dr(e) - 12
0 0

— [lE [Ligi 20,31y —y5] — ©

Yi, 9:) B[y — yi,gi]]
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=2E _E [l{gﬁfgj}lyi - yj| -0

yi).gi] (yz - M)}

=2E E[]‘{gﬁﬁgg‘”yi - yj| -0

yi?.gi]yi:| *E[E[l{gﬁégj}\yi - yj| -0

=0

Yis !]z‘] N}

= 2B |E[1(g,20,3|vi — ;] yi,gi}yz} —20u

=2E (1—%)/ !yi—yIdek(y)yi} —20u
- 0

K o0 (o)
:2Z7rk(1—7rk)/ / |z — ylzdF_(y)dFy(z) — 20,
k=1 o Jo

ORpu = 2E [E[l{gi:k}l{gj:kﬂyi —y;l — A, yiagi]E[yi — K yi,gi]}

=2E [E [1{gi:k}1{gj:k}|yi — ;| — Ay Yi, 9:) (i — M)]

= 2B E[1 420y L1g, =y 9i — 5] — A

Yi, gi] yz]

—2E [E[l{gi:k}l{gj:k} [ = y5] = A

=0

yi,gz-]u}

=2E

E[1(gi=ry Lo, =k} |y — vsl|yir9i] yi — Akyz}

=2E

E[1(g,=k)L11g,=13 |¥i — ;] yi,gi]yz} —2A.p

=2E 1{gi=k}]E|:1{gj=k}|yi - Z/j‘ yiagi]yi:| - QAkM

=2E 1{gi—k}7Tk/ |y¢*y|dFk(y)yi} — 2/
- 0
:27rk/ 7rk/ |z — y|dF),(y)zdFy,(z) — 28,
0 0

= 27r,€/ / |z — y|adF),(y)dF)(x) — 28,1,
0 0

00,5, = 4E [E[L g0, 19 = 151 = O]9 0 E[L gm0 Lgymio 195 — 9] — Dy ]

=4E [E (190,110 = Y5l Y15 9 ) B[ L ig, =0 L (g, =k3 Wi — 51|91 9]

— AVE[1 g, 20,3 |yi — Y5l 0is 9:] — OB [L1g, 213 L(g,=y vi — 5l ir 9] + @Ak}

= 4(E []E[l{g#gj}lyi — ;]

yzvgz}E[l{gl=k}1{g]=k}|yl - y_7| y’ngz]:|
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—OA, —OA, + @AQ

:4E[E[1{gi¢gj}‘yz’*yj| yugz” *4@Ak

yi7gi]E[l{gi:k}l{gj:k”yi — Y
—4E[(1-m) [l ldF 0o [ - yldF()] - 40A,
0 0
~m, / (1—m) / & — yldF_ (y)me / & — y|dF(y)dF, (x) — 404,
0 0 0

—am-m) [ [T le-sldFoutw) [ o - yldBw)dEL(s) - 0B,
0 0 (0]

Oa, & =4E E[l{gﬁk}l{grmyz — Ak |yi, i) B[ (g, =1y 1 (g, =13 [y — Al}yzvgz]}

=4E _]E [1{gi=k}1{gj=k‘}|yi — 5] yi?gi]E[l{gi=l}1{9j=l}|yi — ;] yiagi]

_AkE[l{gi:l}]-{gj:l}lyi - yj||yizgz‘} _]E[]-{gi:k:}]-{gj:k}‘yi - yj||yi,91]Al+AkAl}

yiagi]E[l{gi=Z}1{9j=l}|yi — ;] yiagi]

=4E _]E [1{gi=k}1{gj=k}|yi — i

= *4Ak 1
: felelid el aG
Since o T T and are both continuous functions and nonzero for

pw#0and A, #0forall k= 1, L Kowe get from the delta method that G is asymptotically
normally distributed with

G \? el SoravNE 2 26"
S SRR A o) i WY RS Lo
w L (i) ;ZuAk Ay ; M A, Apopt kzﬂ r YAV
Similarly, since

oc? _ G
o I
96" 1
00 2

aG” _ _iZl;ﬁk VA

8Ak 2 VA

are continuous functions and nonzero for 1 #0, © £ 0, and A, #0 forall k=1,..., K, we
get from the delta method that G? is asymptotically normally distributed with

GP\? G*
0%:( . > Var(y;) + I 2094_2 (Zl#kﬁ) 2A _FU®7M




12

K = K =
_ZLZL#I@\/ZZO_ B +ZG7BZL;£kVAlO_ B
£ 2M2 /A, 0,4k £t Iu2 /An AR

SRS an

k#l K i#k J#l

Moreover, since the aggregate Gini coefficient is given by G = A /2u, we get from the delta
method that G is asymptotically normally distributed with asymptotic variance

a\? 1 G
O'é: <M> Var( i)‘i‘r/ﬁO'A—EUAM,
where
oA = 4/ / |z — y|2dF (y)dF(x) — 4A%
o Jo
Tau = 2/ / |z — ylzdF(y)dF(x) — 2Au.
0 0

Finally, the delta method implies that «G" + 3G? is asymptotically normally distributed for
arbitrary constants « and 3. Thus, G and G® are asymptotically jointly normally distributed.
Moreover, since Var(G) = Var(G" + GP) = Var(G") + Var(G?) + 2Cov(G",GP) or
Cov(G"Y,GP) = L (Var(G) — Var(G") — Var(G?)), we get that

2 2 2
(O’G — oW — UB).

N

owB =
O.E.D.

A corollary of Theorem 3 is that the shares of within- and between-group inequality in
aggregate inequality are also asymptotically normally distributed. Let ay = GV /G and
ap = GB /G denote the share of within-group term and between-group term in aggregate in-
equality, respectively, and let oy, and o ,, denote their values computed in a sample of size
n. Corollary 1 states their asymptotic variances.

COROLLARY 1: Under the conditions of Theorem 3, we have

\/E(Oéw,n —Qw,QaB,n — aB) iﬂ\/’(()’ ¥),

where

and
9 (GB)QJ‘Q,V + (GW)Q(IJQB —2GVGBow g

g = 5

o G4

where o3y, 0%, and oy g are given in (19), (20), and (21), respectively.
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PROOF: Since ayy = G /(GY + GP), where G and G® are asymptotically jointly nor-
mally distributed, and

80{{/[/ _1706‘/{/

aGv — G
daw _ _aw
oG G

which are continuous nonzero functions, by the delta method we get that oy 1s asymptotically
normally distributed with
0_2 o (GB>20"2,V + (GW)QG'QB - 2GWGBO'WB

a G4

Asymptotic normality and variance of g are shown similarly. Finally, since

o aG" +bG"
ac Op = —w——5—
TR TG 4GP

which is a continuously differentiable function in G and GP for arbitrary constants
a,b and since G and G are asymptotically jointly normally distributed, then ay and
ap are asymptotically jointly normally distributed by the delta method. Moreover, since
Var(aw + ag) = Var(aw) + Var(ag) + 2Cov(aw,ap) = 202 + 2Cov(aw,ap) = 0,
we get Cov(aw,ap) = —o?

o

Q.E.D.

B.2. Simulation

We confirm through simulation exercises that inference based on the asymptotic variances
derived above yields very precise confidence intervals for lognormally distributed incomes and
sample sizes similar to those in our empirical application. Specifically, we compare the asymp-
totic confidence intervals to simulated confidence intervals where we assume that incomes in
each subgroup are log-normally distributed with means and Gini coefficients equal to their
sample equivalents and we repeatedly draw samples of the same size as the samples in our
empirical application of section 5. Figure 3 plots the distribution of the sampled within and
between-group inequality terms against a (centered) normal distribution where the variance is
derived using the asymptotic result from Theorem 3. The figure confirms that the formulas for
the asymptotic variances produce very precise confidence intervals for lognormally distributed
data and sample sizes similar to those in our empirical application.

APPENDIX C: SUBGROUP DECOMPOSITIONS OF MULTIVARIATE GINI COEFFICIENTS

Koshevoy and Mosler (1997) suggest extensions of the Gini coefficient to multivariate dis-
tributions based on the volume of Lorenz zonoids, which are multivariate extensions of Lorenz
regions. The multivariate Gini coefficient for a d-dimensional distribution is given by the fol-
lowing expression,

|z, @

o=
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FIGURE 3.—Asymptotic vs. simulated confidence intervals. We draw i.i.d samples from lognormal distributions
with means and Gini coefficients equal to the observed average incomes and Gini coefficients of the demographic
subgroups in the year 2021. We further set the probability of sampling from any given demographic subgroup equal
to its observed population share in the same year, and we draw repeated samples with total size equal to the number
of observations in our empirical application (58,101 observations).

where Z9t1 is the Lorenz zonoid and the scaling factor 1/(2¢ — 1) ensures that the Gini coef-
ficient for distributions with non-negative support is contained in [0, 1].%

8The Lorenz zonoid for a d-dimensional distribution with cumulative distribution function F' is given by
Z4H(F) = {(20(F, h) 2(F,h)), h: R? — [0,1] measurable}, where zo(F, h) = [,, h(z)dF(z), 2(F,h) =
fRd h(a:)a:dF(a:), and F is obtained by component-wise scaling F' by its mean vector.
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As with Lorenz regions for univariate distributions that we discus in section 4.3 of the main
text, in the case of multivariate distributions we can also define a subgroup Lorenz zonoid,
Z{*1, for subgroup k by scaling the subgroup’s Lorenz zonoid with a vector (74, 0.1, - - -, 0x.a)
where 7, is the subgroup’s population share and 6§y, ; is the subgroup’s share of attribute j.
Because the aggregate Lorenz zonoid can be computed as a Minkowski sum of the subgroup
Lorenz zonoids (Mosler (2002)), the Gini decomposition of Theorem 2 extends naturally to the
multivariate case. That is, within-group inequality, G, can be defined as the minimum volume
of the aggregate Lorenz zonoid for given volumes of the subgroup Lorenz zonoids, scaled by
the scaling factor 1/(2% — 1). By the Brunn-Minkowski theorem, the minimum volume of the
scaled aggregate Lorenz zonoid is

d+1

1 K L d+1 K d T
=5 (Z |2+ d“) = (mH%,ﬁfj)
k=1 k=1 j=1
As in the univariate case, between-group inequality can be computed as the difference between
the aggregate Gini coefficient and the within-group inequality term.

Koshevoy and Mosler (1997) point out that the multivariate Gini coefficient in (22) is zero
when there is no inequality in at least one of the attributes. This means that the Gini coefficient
can be zero even if there is inequality along some, but not all, dimensions. Because this may
be seen as an undesirable property, Koshevoy and Mosler (1997) also discuss an alternative
multivariate Gini coefficient that is zero only if there is no inequality in all dimensions. This
alternative Gini coefficient is given by the following expression,

Gd:2d1_1(|zd+1@cd|—1), (23)

where Z9*! is again the Lorenz zonoid and C¢ is the d-dimensional unit cube. Z4+! @ C¢
is referred to as the expanded Lorenz zonoid. Similarly, one can define expanded subgroup
Lorenz zonoids as Z{ ! @ C{, where Z;"" is defined as above and C{ is the d-dimensional
unit cube scaled by the vector (7,0 1,. .., 0k.q)-

It can easily be shown that the expanded Lorenz zonoid for the aggregate distribution is the
Minkowski sum of the expanded subgroup Lorenz zonoids. Therefore, one can define within-
group inequality analogously for this Gini coefficient as the minimum volume of the expanded
aggregate Lorenz zonoid for given volumes of the expanded subgroup Lorenz zonoids:

I d+1
O

k=1
1 X 4 ) ﬁ d+1
k=1 j=1

Note that, just like within-group inequality in the univariate case, G* and GV are weighted
quasi-arithmetic means of the subgroup Gini coefficients with weights that depend on popula-
tion and income shares and do not necessarily sum up to one.
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APPENDIX D: ARITHMETIC INTERPRETATION

For the arithmetic interpretation of the Gini decomposition, we consider a finite population.
The Gini coefficient can then be defined arithmetically as the sum of absolute income differ-
ences between all possible pairs of individuals in a population P, normalized by twice the
product of the average income and the total number of such pairs:

Z lyi — y;l

i,JEP

G-
2uN?

(24)

Proposition 13 states that the within-group inequality term in our Gini decomposition is
equal to the minimal sum of absolute differences in the population for given sums of absolute
differences in each subgroup, again normalized by 2 N2,

PROPOSITION 13: Let Sy be a collection of real numbers for each k € {1,...,K} and

K
S = |J Sk. Then, the following inequality holds:
k=1

2
=% DI R R N2<Z ) :ry|> =G", (25)

z,yeS z,yESk

where p and N are the mean and the cardinality of S. Equality holds if and only if the distri-
bution of numbers in each collection S, is identical.

PROOF: Let G(S}.) denote the Gini coefficient computed on the collection of real numbers
Sy and let S denote the union of S}. Now inequality (25) follows from

S lr-yl=G>G" = (fjW):lﬁjm)

2
z,y€S k=1 2uN k=1

— (z S |x—y|)

= z,yESk

2,uN

where p;, and N}, are the mean and the cardinality of Sy, respectively, and ; and N are the
mean and cardinality of S, and 7, = N, /N and 6, = (Nyu)/(Np). The inequality above
follows directly from Proposition 8.

Q.E.D.

This result allows for an insightful comparison between our decomposition formula and the
formula by Bhattacharya and Mahalanobis (1967). In that formula within-group inequality is
equal to

i Z lyi — v

k=14,jek

2uN?
that is, within-group inequality is equal to the sum of absolute differences between incomes in
all pairs where both individuals belong to the same subgroup, normalized by 2/N2. Whereas

) (26)
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absolute differences between incomes of individuals from the same subgroup clearly contribute
to within-group inequality, this expression has the undesirable property that within-group in-
equality is less than aggregate inequality even if all subgroups have identical distributions.
Thus, within-group inequality must be be larger than (26). Proposition 13 implies that our
within-group inequality term is always greater than (26) and is equal to aggregate inequality
when all subgroups have identical income distributions.

APPENDIX E: ILLUSTRATION WITH CONTINUOUS DISTRIBUTIONS

In Figure 1 of the main paper, we illustrate the aggregation of subgroup Lorenz regions
when income distributions are discrete. Figure 4 below illustrates the aggregation of subgroup
Lorenz regions in the case of continuous distributions. In this example, there are two subgroups
with Pareto income distributions. The subgroup Lorenz regions are shown in the left and the
middle panel. In the right panel, the aggregate Lorenz region corresponding to the two subgroup
Lorenz regions is outlined by the solid lines. As shown in Proposition 7 of the main paper, the
aggregate Lorenz region is equal to the Minkowski sum of the subgroup Lorenz regions.

Figure 4 also illustrates within-group and between-group inequality. The dashed lines in
the rightmost panel outline the aggregate Lorenz region in a counterfactual case where the
subgroup Lorenz regions have the same areas as before but are homothetic.” Thus, the area of
the dashed aggregate Lorenz region equals within-group inequality and the excess area in the
solid aggregate Lorenz region (the shaded area) equals between-group inequality. As discussed
in section 4.3 of the main paper, between-group inequality results from the subgroup Lorenz
regions having different shapes.

APPENDIX F: ADDITIONAL EMPIRICAL APPLICATIONS

In this appendix, we present additional empirical applications and make use of the fact that
lump-sum transfers between subgroups do not affect within-group inequality (Proposition 5)
to further isolate the part of between-group inequality that remains after differences in average
incomes between subgroups are removed.

F.1. Income inequality within and between demographic subgroups

We first revisit the empirical application of section 5, and use Proposition 5 to isolate the
role of differences in subgroup average incomes. Figure 5 shows that while between-group in-
equality has remained roughly constant, differences in average incomes between demographic
subgroups now play a smaller role in between-group inequality compared to the beginning of
the sample period. The between-group inequality that remains after the means were equalized
reflects the contribution to aggregate inequality stemming from differences between subgroups
in higher-order moments of the income distribution.

F.2. Gender Earnings Inequality

In this exercise, we apply the subgroup decomposition of the Gini coefficient to study how
differences in male versus female earnings distributions contribute to overall earnings inequal-
ity in the United States.

°Specifically, we consider a counterfactual case where the subgroup income distributions are Pareto with common
parameter values, while the subgroup population shares and areas of the subgroup Lorenz regions stay the same. Note
that making subgroup Lorenz regions homothetic while preserving their areas may require changing the population
shares of the subgroups.
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FIGURE 4.—Illustration of the aggregation of continuous income distributions and between-group inequality. The
left and middle panel show subgroup Lorenz regions, while the right panel shows the corresponding aggregate Lorenz
regions. The solid lines outline the subgroup Lorenz regions of two different Pareto distributions and the Lorenz region
of the corresponding aggregate distribution. The dashed lines outline counterfactual subgroup Lorenz regions that
have the same area as the original subgroup Lorenz regions but are homothetic, i.e., representing the same distribution
(again Pareto), and the Lorenz region of the corresponding aggregate distribution. The area of the counterfactual
aggregate Lorenz region is equal to within-group inequality and the shaded area is equal to between-group inequality.

We use data from the Current Population Surveys on earnings of people aged 18-64, working
full-time, and earning more than 10% of the median, and we group individuals by sex. Figure
6 shows the evolution of within-group and between-group inequality since the beginning of
our sample period. We document a strong decline in the share of the aggregate Gini coefficient
that can be attributed to differences between the earnings distributions of men and women
(from 12% in 1967 to 1% in 2021). While between-group inequality has declined over time,
within-group inequality has increased by more so that aggregate earnings inequality is now
significantly higher than half a century ago.

Making use of the fact that lump-sum transfers between subgroups do not affect within-group
inequality, we further isolate the part of between-group inequality that remains after differences
in average earnings between men and women are removed. While differences in average earn-
ings contributed significantly to the level of aggregate inequality early in the sample period,
eliminating differences in average earnings via lump-sum transfers hardly reduces the Gini co-
efficient in recent years, with the remaining between-group inequality reflecting differences
in higher-order moments of the male and female earnings distributions.!® This finding does
not mean that the average earnings of men and women have fully converged. In fact, average
earnings of women in 2021 remain at only 78% of those of men. These differences in means,
however, are small compared to the large variation in earnings within each gender group and
therefore contribute little to aggregate inequality.

19Beyond the difference in means, the male and female earning distributions in the latest survey year also differ
in their variances (94% higher in the male relative to the female earnings distribution) and skewness (29% higher for
the female relative to the male earnings distribution. The between-group inequality that remains after the means were
equalized reflects the contribution to aggregate inequality stemming from gender differences across all higher-order
moments of the income distribution.
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FIGURE 5.—Household-level income inequality within and between demographic subgroups, 1967-2021. The
hatched region shows between-group inequality when differences in average earnings between demographic sub-
groups are removed by implementing suitable lump-sump transfers. The demographic subgroups are defined as in the
main text. Asymptotic confidence intervals are computed using the formulas derived in online appendix B.
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FIGURE 6.—Earnings inequality within and between sexes in the United States, 1967-2021. The hatched region
shows between-group inequality when sex differences in average earnings are removed by implementing suitable
lump-sump transfers. Asymptotic confidence intervals are computed using the formulas derived in online appendix
B.
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